Understanding Attention Heads®
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Abstract

We study ways to understand attention in this note. The aim is to identify reusable attention
unit through a joint coupling between the relation QK subspace and the message OV subspace,
with rank (7, ¢) respectively. Through this framework, each head in a layer can be decomposed
into a shared set of {U,, V,}2_,, the sum of which are trained to reconstruct the cached atten-
tion head outputs. The general methodology draws upon ideas from latent variable EM-type
algorithm and spectral subspace clustering. The current experimental result suggests sensitivity
to initialization and also calls for more systematic ways to conduct model selection/pick tuning
parameters among the fitted decomposition families.

1 Motivation and Goal

Traditionally, when interpreting output of a MLP layer, we often resort to studying token-level
general concepts that are captured by each neuron, and this has led to many successful methods
such as SAE (and variants thereof). For attention layer, however, the correct level to study each
head is on the sequence-level, and one needs to understand the general mechanisms (as opposed to
concepts) captured by moving information across the sequence.

There are many ways to build mental models for a transformer-based attention architecture —
one way is to view it as Graph Neural Network (a line graph, more specifically): the QK part builds
edges and captures relationship strength between tokens in a sequence; while the OV part performs
message passing (i.e., what’s read and gets written over this attended edge/relationship). These 2
parts, jointly, tell us what is being learned over a particular sequence.
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<« QK builds the edge — (g;, kj): how strongly x; attends to x; line width o a;;

p OV rides it back — Ov;: what x; writes into x; causal: edges only reach back

Figure 1: A pair of (¢;, k;) and Ovy, living in different spaces, jointly contain all the information in an edge

*This note is a work in progress, not a finished draft. The hope of sharing is simply to receive feedback in case of
common interest, more than anything else.



Our goal is to decompose an attention head into reusable mechanisms that describe general ways
in which both what relation information is captured and what is written back to the residual stream.
The more ambitious goal is to apply this methodology to simultaneously decode all attention heads
in a single layer (so the attention unit will be a layer-global shared one), but we will start simple
with just single attention head here.

More formally, we define an attention unit to be the paired object

O0 = (Us, Vo), a€{l,... A},

where U, describes a relation operation and V, describes its coupled message innovation — these are
fixed across prompts for heads in the same layer. During discovery, one latent label jointly selects
the two sides:

joint fi . ..
[(Q, K), OV] O atent @ s (Ua, Vi) as mechanism description.
There is no cross-unit orthogonality constraint. In particular, U, ~ U, with V, # Vs is permitted,
but the split into different a’s must earn its extra complexity through stable held-out reconstruction
and coupling evidence.

1.1 Chosen head and natural corpus

The experiments are intentionally kept somewhat simple to surface successes and challenges. The
2 heads we consider here are LbH2 and L1H1 from Gemma-3-IB-IT.

The corpus contains 500 natural model-input contexts from the public HeadVis [2] Gemma
sequence bank, retokenized and recomputed on the Gemma-3-1B-IT checkpoint. TRAIN and TEST
each contain 250 contexts. We define an event as g = (b,7), where b indexes a context, and i
denotes the query token position within context b that is tested to capture the particular rule we
are interested in. The complete causal row (i.e., tokens before position ¢ within context b), including
BOS and all source keys, is then retained for the event.

head  natural rule TRAIN events TEST events
L1H1 alphabetic word composition 1,975 1,949
four-digit year composition 189 135
other-number composition 476 436
identifier composition 301 287
newline structural routing 191 223
L5H2 exact induction 581 594
tokenization-tolerant induction 131 131

Table 1: Event counts in the TRAIN/TEST split. No class-balancing is used so as to retain the natural
family prevalence.

Let’s give some concrete examples on what we suspect these 2 heads are doing. Arrows below
point from attended source to query.

e Surface-level composition means that the final piece of a word, number, or identifier attends
to earlier pieces of that type: for example, mou — illa in mouilla, earlier digits — the final
piece of 2007, or hb, _, par — ni in hb_parni.

e Structural newline routing means a newline query retrieves an earlier newline marking a
paragraph, record, or dialogue boundary.



e Exact induction is the address rule ..., x,¥,...,x, where the second x attends to the earlier
V.

e Tokenization-tolerant induction is the same prefix-to-continuation operation up to stripping
surrounding whitespace, lowercasing, and nearby punctuation differences.

Our exploratory analysis suggests the following descriptive hypotheses for the 2 heads:

e L1H1 has semantic A = 2: one broad, high-rank surface-level-composition operation and one
compact structural-newline operation.

e [L5H2 has semantic A = 1: exact and tolerant induction are relation-side variants of one
continuation-writing operation.

For L1H1, the two message populations have visibly different complexity: surface-level-composition
target writes need about 88 directions to retain 90% of their energy, whereas newline writes need
only five or six. Both populations transfer across sources: their TRAIN spans retain about 88%
and 86%, respectively, of TEST energy. The plot below also supports one broad surface unit and
one compact newline unit for this head.
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Figure 2: PCA is fit separately per panel on the training set. Here blue is surface-level composition and
red is new-line structure. (circles: train; crosses: test, projected onto top 2 PC’s)

L5H2 looks different. Pooling strict and tokenization-tolerant induction gives a stable, high-rank
message population: its TRAIN/TEST 90%-energy ranks are 75/73, and the TRAIN span retains
.844 of the TEST energy. The plot below also supports one continuation-writing operation with
two address variants more strongly than two distinct message units.
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Figure 3: PCA is fit separately per panel on the training set. Here blue is strict induction and red is
tokenization-tolerant induction. (circles: train; crosses: test, projected onto top 2 PC’s)



These 2 heads — and their corresponding rule families — are inspired by the discovery in HeadVIs
[2] of polysemanticity within attention head (e.g., the line width head) and high rank attentional
feature (e.g., the answer selection head) on Haiku. In the following we test if our proposed method-
ology can identify the attention units without any label identities revealed.

2 Technical Ingredients

2.1 Cached head quantities

For query event g = (b,4) and causal source j < i, let qq, kgj € R? be the exact scaled post-RoPE
query and key,
ng = q;—kgja Oégj = Softmaxtg(sgt)j.

Let mg; = nggj be the message write from source j to the residual stream. Compute once an
orthonormal basis By, for col(Wg) and use the lossless coordinates !

_nT ) d _npT ) L .
pgj = Bymgj € R™™, vg = By E :agymga = E :O‘gJ:“gJ‘
J<i J<i

These quantities are saved as reconstruction targets and are specific to each head.

2.2 BOS and the frozen common message span

We observe in our exploratory analysis that the BOS source (with index = 0) is a genuine softmax
competition but is not a semantic unit. We always keep its score and message exact:

Sg0 = Sg0, Hg0 = [g0 »

but only 7 > 0 is decomposed in our algorithm.

The same exploratory analysis also found transferable message structure shared by different
families and background queries. To capture these common background message span (that doesn’t
contain much mechanism-revealing information), we sample 8 unannotated queries (i.e., does not
belong to any active event) from every TRAIN context, form each exact non-BOS write

b
bgg = Z QgjHgs,
7>0
and let Vj be the smallest leading uncentered-PCA span carrying 90% of their pooled TRAIN
energy. Fit this once per head and freeze
P’ = V()VOTv figj = (I — PO)ngv vg = Zagjﬂgj-
7>0

The constructed Vj is label blind and fixed before any algorithm run — its role is to remove a shared
output trunk before attempting to discover behavior-specific branches.
After these pre-processing, attention unit a owns orthonormal frames

U, e R*T Ve RIm¥e VTV, =0,

with projectors P* = U,U] and PM = V,V,". Different U, and different V, may overlap. The
reconstructed message operator is P? + PM for unit a.

!This change of basis is only for computational efficiency — the operation does not lose any information



2.3 Losses & Notations
For j > 0 set wg; = 043]‘- For exact-cached-Q/K values and labels z(g) € {1,--- , A}, define

lyi(2,U) = q;Pﬁg)kgj .

The executed attention is
&g = SOftmaX(Sgo, {Egj(z, U)}j>0).

The exact BOS logit anchors its mass against the projected non-BOS logits. We define the recon-
struction error for the event g as:

Uy — 3o Gy PM T H
Wg"int(z): H g Z]>0 954 2(g)Hai

17112

Each active event matters equally with this definition; sources inside it are weighted by attention.
The reason for assigning labels to active events z(g) as opposed to pairs z(g,j) follows from our
exploratory analysis: roughly 1% of pairs instantiate the annotated behavior, yet they carry almost
all squared pair-write energy. Therefore most of the information is carried at the aggregated event
level.

wiont couples U, and V, inside the actual re-softmaxed write and measures the executed joint
operation. The complete reconstructed write for a model is

~ ~ ~ 0 ~ M ~
Vg = Qlgoflgo + Z Qg P g + Z O‘gjpz(g)/‘gj'
7>0 7>0

Lastly, for a symmetric matrix C' and feasible space projector @, write TopEig,(C; Q) for the
leading r-dimensional eigenspace of QCQ restricted to im(Q).

3 Methodological Approach

We are interested in identifying one mechanism acting at each active query event. In this section,
we cast the problem as event-level bi-clustering with unknown latent variable a, which motivated
an EM based algorithm — alternating between assigning cluster membership a, and fitting {U,, V, }.
But we will see that picking the correct metric for identifying cluster and initialization will be key
to its success.

3.1 Latent Variable Model for attentional features

Our model assigns one z, € {1,---, A} to the complete non-BOS row (corresponding to an event
g) and evaluates its aggregate write performance. We denote the number of events as |G|.

To preserve Q/K vector geometry, compute the following scales on the TRAIN set and freeze
them

_ _ 22750 O‘ngkngQ
74 = |G| ! ZHQgHZv 7 = |G| ! Z ! )
g g

Zj>0 Qgj

then define " )
I = PR 2, oo il — Py )

Tq Tk Zj>0 Qgj

Ry = 3



Note that the second part of Ry, is aggregated over pairs in the event and attention-weighted. We
fit the following joint event objective with EM:

1 join
Lrw = €] Z[Rg,zg + W (2)].
g

The E-step evaluates every event cost for a € {1,..., A} and assigns it to the best latent group:
zg = argmin{ Ry, + Wgomt (a)},
a
where in Wgomt all non-BOS sources use candidate a, the full row is re-softmaxed with exact BOS

against the candidate projected logits, and the innovation write is recomputed.
For fixed labels, the spectral minimizer for U, of the R block is

UsPee = TopEig, (CF; 1),

-
R 1 nggT > j>0 Qgikgiky;
ch=>" +
2G| | 7 Tk Zj>0 Qgj

g:zg=a
We compare this with the previous U, from the last iteration, retain the better of the two on Lz,
and refine with Grassmannian gradient update (c.f. Section 3.2) on Ly to account for the W
part of the loss (that depends on U, through &). Ug’® serves as a warm start for the M-step
optimization.

The message block V, has a simpler exact conditional update. With labels and U fixed, define
the candidate attention innovation output

by = Zagj(Uzg)ﬁgj‘
7>0
For a rank-c projector P,
17 — Phyll? = 7|12 — (P, 25ym(Fgb] ) — beby ) -
Consequently the exact minimizer of message block is (with z, U fixed):

2 sym(ﬁgbgT) - bgbgT
G- [[vgl?

Voot = TopRig, (Hy ;1 — P%),  Hy =

a
g:zg=a

Here TopEig means the leading algebraic eigenspace; H) need not be positive semidefinite. This
update exactly minimizes Wit gver feasible rank-c message projectors for fixed (z,U), and Ry, is
independent of V,, so no further GD refinement is needed for V.

Algorithm (EM).

initialize event labels with either K-means or spectral clustering (Section 3.3)
initialize U from C°R; apply the exact conditional V update
repeat at most 100 outer iterations:

M_U: compute spectral U; refine on R+W (Section 3.2)

M_V: apply the exact top-eigenspace update above

accept only finite, orthonormal, non-increasing blocks

E: set z_new[g]l = argmin_a {R[g,al+W[g,al} for every event g

if z_new == z and relative outer decrease <= le-6: return



After training, our EM algorithm assigns each TEST event by argmin, Ry, + Wgomt(a). No
U,,V, projector is refit on TEST, but their performance is evaluated on the test set based on the
label assignment.

3.2 Grassmann GD refinement

Our EM algorithm calls this refinement step only on the U, blocks — each V, block already has the
exact update. For a relation-frame family U, with k, columns, obtain the Euclidean gradient G, of
the stated complete objective by automatic differentiation and form the tangent gradient

T, = Gy — U, (U] Gy).
Starting at 6 = 1072, update

T,

U = qr|U, — 6\/kq
o = d max(|| Ty, 10-30)

with fixed-sign thin QR. We do backtracking line search on the stepsize ¢ at each iteration. The
previous iterate is retained if no proposed U/ lowers the complete objective.

3.3 Initialization of EM
3.3.1 PCA/K-means initialization

We started with a simple K-means intialization using PCA coordinates, where we independently
center event query ¢, and the pair key with the event summary
- Zj>0 agjk;
g — )
> §>0 Xgj
retain the first three PCA coordinates for each, and concatenate the six coordinates.

With the constructed 3-¢g plus 3-k coordinates over the TRAIN events, run K-means for 20
iterations. A diagnostic that appended three PCA coordinates of the event innovation write tests
whether OV augmentation improves this initializer — we did not observe significant changes in any
fitted method.

3.3.2 Spectral subspace clustering initialization

The second initializer compares query events through a kernel rather than a centroid — this turns
out to capture the "subspace" alignment much better than Euclidean distance. It uses 2 reductions
for saving computational cost:

e Select an anchor bank of TRAIN events: For each TRAIN context b, rank its active
query events by the label-blind non-BOS innovation-write energy

Ey = agllfgll?
7>0

and retain at most 6 events. Only these anchors enter the TRAIN spectral kernel below,
whose cost is quadratic in the number of events. This gives the anchor set — the remaining
TRAIN events are assigned labels afterward by Nystrom extension, as described below, and
then participate normally in EM.



e Compress the source row of each represented event: Let J, be the 8 non-BOS sources
with largest exact attention for event g (or all of them if fewer than 8 exist). This is the only
source-level truncation used to construct Ty and K7 below. Define

2
Qgj ; > t=0 Qgtkgt

gj
gJ 2 ] o]
> >0 Qgy > 150 Qgt

where the centering mean in l%:gj and weight denominator in 7y; still use the complete non-
BOS row. Thus the retained weights need not sum exactly to one. Empirically though,
> jeg, Tai > .99 in every head. The centering is just to standardize all the events — it’s non-
material in attention since a constant shift for all j doesn’t change the result of the softmax
operation.

Compare two events. We propose to summarize event g by the joint key—message second mo-
ment tensor
T ~ T
Ty = Z mgj(Kgikgs) © (Hgjkigs)-
=

Each retained source anchor in J; contributes one descriptor that records its centered key direction
together with its innovation-message direction. Then we define a kernel that computes the inner
product between 2 events g and h as:

Kr(g,h) =YY mgimne(l i) (figifine)* = (Ty, Th).
jEJgtedn

This intuitively says that one cross-event source pair contributes strongly only when both its centered
keys and its innovation messages are similar. Requiring compatible queries as well gives

_ Kraw(ga h)
\/Kraw(ga g)KraW(h’7 h)

after normalization. Equivalently, the resulting kernel K is the normalized inner product of the
tensor feature (nggT) ® T,. We use this as a positive-semidefinite similarity over cached events.

Kraw(gah) = (q;—Qh)2KT(g,h), and K(gvh)

Spectral clustering on anchors?, then initialize every TRAIN event. Let the N anchor
events be ¢g1,...,gn and write K;;, = K(g;, gn). Regard these N nodes as a weighted graph: event
gi; is a node and Kjj is the strength of its edge to event gp. Set K;; = 0 because an event’s
self-similarity does not reveal a cluster. Define the degree-normalized affinity matrix M as

di =Y Ky, D=diag(dy,...,dy), M=D?KD'?
h

The normalization discounts nodes that are broadly similar to many events, so the embedding
depends on each event’s pattern of neighbors rather than only its total similarity. Let (py, Ug)?zl be
the leading A eigenpairs of M. Anchor g; receives the spectral coordinate

yi = (@), ua(@®),  zi=yifllyill

Events with similar graph neighborhoods have similar z; € R4. Run K-means on these N nodes in
RA. Its centers c1, ..., c4 and anchor labels are frozen after this.

2The introduction of an anchor set is only to reduce computational cost.



For a non-anchor TRAIN event x, compute only the vector of similarities to the anchors,
k(@) = K(2,9),  do= 3 ki(x).
i
Nystrom extension places x in the already-fitted spectral basis without recomputing:

_i al kz(x)u i 2 _ (y1(x), .- yalx))
) = 5 2 g D T pa@)l

Assign the event to arg ming,||Zspec — cal|? — this allows us to get labels for all TRAIN events.

Importantly, we also use this initialization step as a discovery tool for the choice of A: we
compute the leading 5 eigenpairs of M, nominate A € {1,...,4} using the largest adjacent eigengap
PA — PA+1, and construct the corresponding partitions from the nominated first A eigenvectors to
evaluate the performance of this initializer.

4 Experimental Results
All implemented fits use the fixed capacity A € {1,2},r = 32,¢ = 64 below.

4.1 Evaluation Metrics

The pooled model error used in result tables is

~ ~ M ~
Wjoint o ZgH’/g - Zj>0 angz(gJ)nguz

N 2 gll7lI ’

It differs from the equal-event, event-normalized objective term Wgomt introduced earlier. Addi-

tionally, compared to Wjomt, full-write NMSE oo reported below restore BOS and P? projection
(fit once on the TRAIN) before comparison.

Adjusted Rand index (ARI)? is permutation invariant and chance corrected for measuring accu-
racy of the predicted labels — an ARI of 1 means perfect agreement, where ARI ~ 0 means it’s no
better than random grouping, and negative ARI implies the grouping is worse than chance. Permu-
tation accuracy is the best-component-matching classification accuracy but can be misleading for
L1H1 because newline is rare — this is corrected by

surface-level composition recall + newline recall

2

balanced accuracy =

in our reporting for label diagnostics. L5H2 exact/tolerant ARI is only an exploratory diagnostic:
it asks whether a forced A = 2 split happens to separate these subtypes. A low ARI does not count
as failure under the A = 1 hypothesis.

If X, and X, are orthonormal bases for 2 equal-rank subspaces, their overlap is || X, X;[|%/ rank(X),
where zero and one mean orthogonal and identical subspaces.

We perform one coupling control: with labels and Uy, Uz frozen, exchange V1, V2 and recompute
TEST W™, A positive swapped vs. matched gap shows that the observed relation partition is
paired with different message operations.

Shttps://en.wikipedia.org/wiki/Rand_index
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4.2 EM with K-means initialization enters a nonsemantic basin

With K-means initialization followed by EM, the A = 2 model gives lower TRAIN error for both
heads, as extra capacity permits, but that gain does not transfer into an interpretable split, or
TEST set evidence supporting it:

head A TEST Wi°nt  full-write NMSE,,01  event ARI  interpretation

L1H1 1 .3855 .1200 —  pooled

L1H1 2 .3924 1213 .0023 two word-like partitions
L5H2 1 .6032 3722 — pooled induction

L5H2 2 6278 4254 —.0364 unstable subtype split

Table 2: EM with Q/K PCA + K-means initialization.

L1H1’s two learned subspaces overlap .662 on the relation side and .804 on the message side;
both units’ strongest examples are word-piece composition. At this initialization, the model supports
L5H2 A =1 but does not reveal L1H1’s suspected second unit.

4.3 The rare L1H1 operation is present but not selected by K-means

To understand the reason behind this failure, we note that L1H1 newline comprises 6.10% of TRAIN
events and only 1.05% of TRAIN exact pair-write energy; TEST values are 7.36% and 1.29%. These
are just a reflection of natural corpus where one type occurs more often than the other. PCA /K-
means therefore spends its second center on a broad variance direction, rather than capturing the
rarer class accurately. The following 3D PCA plot makes the failure of the K-means initialization
clearer:

10
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Figure 4: Geometry used by K-means initializer on TRAIN set. Each event is represented by 3 TRAIN-fit
query PCs and 3 TRAIN-fit PCs of its attention-weighted non-BOS key mean. The resulting 6 coordinates
are projected onto 3 further PCs for display. Left: post-hoc annotated behavior. Right: A = 2 K-means

labels and centers. Top: L1H1 newline events are localized, but K-means bisects the much larger surface
cloud instead. Bottom: L5H2’s two induction subtypes overlap significantly.

initializer/diagnostic

split ARI balanced accuracy
Q/K K-means TRAIN .0084 .5553
Q/K K-means (frozen centers from TRAIN) TEST  .0006 .5039
known-behavior centroids in the same 6 coordinates TRAIN .3084 9168

Table 3: L1H1 initialization geometry. The centroid diagnostic (last row) uses known labels to construct
the centroid (in the same 6 coordinates) for assignment and is not a realistic initializer.

The geometry therefore contains separable surface-leve- composition/newline information, but
unsupervised K-means does not choose it. For L5H2, the plot does not support an unsupervised

strict /tolerant split, which is consistent with the one-unit hypothesis. These experiments suggest
initialization is a bottleneck for this nonconvex objective that EM is targeting.

4.4 Label-blind spectral discovery

After the spectral clustering initialization step (with the product kernel), we observe the following
result that largely succeed in identifying the latent groups in this geometry: the TRAIN ARI is
.966 for L1H1 with A = 2, whereas forcing A = 2 on L5H2 merely isolates 2 TRAIN outlier events

(with TRAIN ARI —.004), and the second component received no TEST event when we assign the
TEST events via Nystrom extension in the kernel geometry.
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For an experiment testing the optimal A to use with this geometry, let p;1 > ps > --- denote
the eigenvalues of the normalized affinity matrix and define

Ag=pa—patt,

Our exploratory rule chooses the largest Ay for A € {1,2,3,4}:

head AN Ag Asg A4 nominated A
L1H1 .00395 .03122 .00565 .00192 2
L5H2 .02999  .02453 .00497 .00538 1

Table 4: Product-kernel eigengaps. This rule nominates a choice on A based on spectral info.

This supports our earlier hypothesis and offers support for using the product-kernel induced
geometry for initialization.

4.5 Spectral initialization for EM

We observe that using spectral labels as the start on the TRAIN set, followed by regular EM,
materially changes the result. On TEST set we report 2 assignments: the joint assignment minimizes
Ry + Wjomt (a) and measures how well the fitted components can reconstruct an event; the Q/K-
only assignment minimize Ry, — it is a message-blind router that uses only the relation-side for
label assignment.

head A TRAIN initializer joint TEST Wit joint full-write NMSE,oo  joint ARI  Q/K ARI

L1H1 1 single unit .3855 .1200 - -
L1H1 2 Q/K K-means .3924 1213 .0023 -
L1H1 2 spectral .3720 .1140 .9258 .9972
L5H2 1 single unit .6032 3722 - -
L5H2 2  spectral .6040 .3756 —.0184 .0120
Table 5: EM TEST results with different initializers.
L1H1’s spectral-start fit improves TEST reconstruction over A = 1, with relation/message

overlaps .247/.438 instead of .662/.804 in the K-means basin (which loses the surface-leve composi-
tion/newline distinction). The spectral start followed by EM recovers the two behaviors under both
joint and Q/K-only routing, and gives the lowest TEST errors. Initialization is therefore decisive
here: the same EM objective contains an interpretable A = 2 solution but K-means does not reach
it.

For L5H2, spectral initialization does not create useful evidence for a second unit. The extra
unit receives only 2.1% of TEST events, does not improve either reconstruction error, and does
not align with the two induction subtypes. These results favor A = 1 over the tested A = 2 split.
However, the performance gap is mild in this experiment — we suspect it has to do with the choice
of (r,¢) here and the current projector model reconstructs L5H2 less faithfully compared to L1H1.

We conducted one fixed-label control checking that L1H1’s relation and message components

7joint

are genuinely paired. Keeping the labels and U, fixed but swapping the two V, raises TEST W
from .373 to .654 (a .281 penalty). This supports distinct surface-level composition and newline
relation—message couplings.

12



4.6 Interpreting the discovered unit
4.6.1 Activated ranks

Our algorithm fixes, rather than selects, the frame dimensions: every U, has rank 32 and every
innovation V, has rank 64. Below we report the smallest usage rank r9o(X) carrying 90% of the
squared singular-value energy of X.

Relation usage is measured on q;rU and on stacked rows /avg;/ >, gt k;j U,. Message usage

is measured on the a?.-weighted source coordinates ung

9J
split head /unit events  1oo(qU)  roo(kU) roo(itV)
TRAIN L1H1 surface composition 2,938 17 8 51
TEST L1H1 surface composition 2,806 17 8 50
TRAIN L1H1 newline 194 11 2 8
TEST L1H1 newline 224 8 2 7
TRAIN L5H2 induction 712 18 19 51
TEST L5H2 induction 725 16 18 48

Table 6: Activated ranks of the spectral-start EM fits. Stored projector ranks are exactly r = 32,¢ = 64 in
every row. TEST labels use Ry, only for assignment.

We see that TRAIN/TEST usage ranks agree closely. The newline operation uses few innovation
directions, while surface-level composition and induction require many more innovation directions
at the 90%-energy threshold, which is intuitive.

4.6.2 Context-specific causal interpretation of V,

The fitted V, are early-layer message-operation subspaces, not token labels or directly readable
vocabulary directions. Its interpretable object in event g is the projected innovation write. To
interpret them causally, at a selected TEST event choose the unit without messages:

a?K = argmin Ry,
a

and compare the exact and projected innovation coordinates

t ~ M ct __ § :
hGXaC Vg7 hmsg _ P hexa Oég]P QK ,ug]
7>0

These h’s are coordinates in the lossless message basis; Bjsh is the corresponding residual-stream
vector. Let ygxaCt be the unedited summed post-O, pre-post-attention-RMSNorm output, and let
II,(y) be the next-token probability vector obtained by continuing the unchanged model from hook
value y (i.e., pass through all subsequent layers till the final one). Define

ablated _ , exact exact
Yg g — Buh
ablated ablated
Py = 11,4 (yg ),

pzxact — Hg (ygblated + BMhexact) _ Hg (ygxact) 7

p;nsg — Hg( ablated +B hmsg).

Thus ablation removes only this head’s exact innovation, whereas message-only replaces it by the
fitted V, projection. Exact attention, BOS, the frozen common span, other heads, and every later
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layer are unchanged. At the same query’s next-token readout, we record

exact __ exact ablated
Ap g =p g - P g 3

which is the downstream effect of the actual innovation, and

1
Apr;sg _ pr;sg _ pzb ated7
which is the effect preserved by the chosen V, approximation. For vocabulary token ¢, the sign
of Ap;fg says whether the projected write promotes or suppresses ¢ relative to ablation. This is
a context-dependent downstream effect, not a direct unembedding or a fixed token meaning for
Va. Cosine similarity/NMSE between Apy™® and Apf** measures how well the projected write

reproduces the original innovation’s full-vocabulary effect in that event.

4.6.3 Representative examples

The following TEST examples illustrate what the discovered U,, V, (fit on the TRAIN set) mean
in complete local contexts. The attention masses below are reported as exact/fitted oy /0 s for
the key s of interest, and final-model next-token effects are obtained by the intervention described
above (which use exact attention so it isolates the V, part).

L1H1 surface-level composition unit

e alphabetic words: In “we investigate the subcortical connections of the PPHG ... to
characterize thalamic and striatal connections,” the query piece ic in thalamic attends to
thalam with mass .975/.985; both the exact and fitted innovations suppress the immediate
and continuation and favor a hyphen-like alternative. The cosine/NMSE between Apy™® and
ApgxaCt is .982/.035.

e four-digit year-like: In “Patent Laid-Open No. 2010-282816, paragraphs 0017 and 0018,”
the last piece of 0017 attends mainly to its earlier zero and both writes favor to over a bare
hyphen. The cosine/NMSE between Apy™® and Apg* is 1.000/.067.

e other numbers: In the French financial sentence ending “tel qu’exposé & la note 1.2.1 aux
Etats financiers,” the last 1 retrieves an earlier numeric piece, and both writes favor number
punctuation while suppressing nearby French function-word continuations. The cosine/NMSE

between Apy*™® and Ap*et is .954/.090.

e identifiers: In C++ binding code containing “hb_parni(2); obj->scrollTo(*parl, ...),” ni
attends to par with mass .990/.958; the exact write favors (); and an opening parenthesis,
while the fitted write preserves much of the function-call punctuation. The cosine/NMSE
between Apy™® and Apgxa‘:t is 0.984/.052.

L1H1 newline unit. In “How do I learn to do the butterfly stroke? |blank line| Assistant: I'd be
happy to assist you,” the blank line attends to the initial dialogue boundary with mass .864/.869 and
the two writes again agree nearly exactly, this time favoring Okay, The, and This while suppressing
a bold-list opener. The low-rank unit carries a reusable boundary/formatting state; it does not
promote one fixed token independent of the surrounding discourse.
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L5H2 induction unit: exact matches. In the Dutch sentence “... onzen penningmeester per
postwissel worden voldaan,” a repeated query w attends to the earlier continuation issel with mass
.967/.508, and both exact and fitted write directly promote issel. The cosine/NMSE between
Apg™® and ApgxaCt is .991/.188.

L5H2 induction unit: tokenization-tolerant matches. In a hardware discussion containing
both Nvidia NForce and the misspelled nfroce 6100, the query n attends to the earlier capitalized
Fro with mass .947/.848; both writes favor the capitalized continuation, although they disagree on
the cached lower-case piece. The cosine/NMSE between Apy™*® and ApS*°t is .999/.037.

Therefore we see that the fitted components align with and reproduce known relation patterns
on the hold-out set: L1H1’s Ugy¢ routes later pieces of words, numbers, and identifiers to their
earlier pieces; Uy routes a newline query to a preceding paragraph, dialogue, or record boundary.
L5H2’s single U approximates induction: after a prefix recurs, the query attends to the continuation
following its earlier occurrence. Strict and tokenization-tolerant matches differ in recognizing the
prefix, not in the subsequent continuation write.

5 Parting Thoughts

5.1 Summary and next steps

The current evidence supports the following conclusion: at fixed (r,¢) = (32,64), a label-blind
spectral initialization lets the latent event model recover a L1H1 surface/newline decomposition
that transfers to source-disjoint TEST on this corpus; the same procedure leaves L5H2 effectively
one-unit. Ordinary K-means misses the rare L1H1 basin. This is evidence for a useful candidate
relation split that supports reusable relation—message decomposition.

As for next steps and things to improve on:

e Although replying on spectral gap to select A seems reasonably stable, we need better auto-
matic ways of tuning r, c — there is evidence suggesting the current choice isn’t optimal.

e Ultimately the mechanisms we can discover depend on the prompts that we test them on (i.e.,
we can’t discover unknown unknowns).

e Generalize the same methodology to layer-global shared U,, V, so one can understand dis-
tributed reusable mechanisms across heads in a layer.

e Inductive bias on U,, V, may make the geometry better for optimization. We’ve tried several
low-rankness type of regularization but getting things to reliably work seems tricky.

e There are considerable degrees of freedom in the losses we can run the EM on (and we’ve
tried out a few in addition to the ones reported here). But importantly, we are handcrafting
metrics/objectives for clustering — one could imagine learning a mapping directly from the
cached quantities (or transformations thereof) to latents/mechanisms, if we have some labeled
data of such type.

5.2 Earlier Attempt: learned rank-one pair co-clustering

We embarked on this journey with a slightly different angle — while we haven’t got this approach to
work, it might be worth recording here to possibly revisit later.
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Motivated by randomized-kernel feature map as proposed in [1], one can “linearize" the nonlinear
softmax kernel as:

exp(q; kj) ~ ¢(q:) " p(k;) .

Generalizing the idea, this trick allows us to record each relationship-message pair/edge in Figure 1
as a rank-1 matrix, and as we’ll see, the problem in some sense becomes bi-clustering on these
matrices when aggregated over all the pairs in a batch of contexts. The elegance of this approach
is that we turned a bilinear operation into a simpler matrix-valued object (without losing much
information) and we originally hoped that simple matrix factorization techniques can help us identify
reusable coupled relationships from them.

To allow flexibility, instead of using fixed feature map ¢ as advocated in 1], we learn encoders
that produce nonnegative query and key features. For each target head, train one nonnegative Q/K
map tied between Q and K:

fo(x) = TopKg,{softplus(Wyz + by)} € R;loz.
On that head’s annotated active TRAIN event, for a non-BOS pair n = (g, j) = (b, 1, ), define

o T0(ag) " Folkgy)
P S il falag) T fo(kgr)]

as the learned attention between query i and key j and minimize mean row-wise KL(ap;.|lal;.),
after which we freeze fy. This allows us to rewrite the softmax attention as an inner product of
learned relation-side features fy (up to a normalization). Let

Doi = fQ(QQ)QfG(kgj)
# Ztgi[fe(Qg)Tfe(kgt)]7

be the normalized elementwise-product vector and construct the rank-1 matrix that summarize all
the information in this edge (QK & OV jointly):

~T
Xgj = Dgjlty;-

In matrix Xg;, high value at index (m, m2) implies that the head implements an algorithm that
searches for matching on the mi-th relation feature which writes to the mo-th message atom.
Feature-side frame Uf € R®'?*" and message-side frame V, reconstruct X, as P ngP,{W , where

PP = UfL’Uﬁ)T. We can proceed to fit

M |2
Jpair = Z 1 X5 — PfngngzngF
9,3>0

with iterative EM steps on the z’s and {U,, V4 }.
Note that the coupled output approximation is obtained directly from the reconstructed rank-one

matrices:
v = Z (1 Pfgjpgj) Py i-
§>0
In our experiments, when fitting the fp’s attention KL on the TRAIN set, we observe the same

learned features struggle to transfer to hold-out set for reconstructing the attention scores. Variance
of the estimators seem to be large, but we haven’t thoroughly tested more powerful feature encoders.
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